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ABSTRACT
We explore the impact of magnetic field on neutrino-matter interactions in core-collapse supernova. We
first derive the modified source terms for neutrino-nucleon scattering and neutrino absorption and emission
processes in the moment formalism. Then we perform full relativistic three-dimensional, magnetorotational
core-collapse supernova simulations of a 20 M⊙ star with spectral neutrino transport. Our simulations treat
self-consistently the parity violation effects of magnetic field on the lepton number, energy, and momentum
exchanges. The result shows a clear global asymmetry with respect to the equatorial plane in each exchange
rate. The asymmetric property arises from two factors: the angle between the neutrino flux and magnetic field
and the term, which is parallel to the magnetic field and is also proportional to the deviation of distribution
function of neutrinos from thermal equilibrium. The typical correction value amounts to ∼ 1 % relative to the
total neutrino-matter interaction rate for the magnetic field strength of∼ 1015−16 G. Although these asymmetric
properties do not immediately affect the explosion dynamics, our results imply that they would be significant
once the neutrinos diffuse out the proto-neutron star core carrying those asymmetries away. We also show
that, during our simulation time of ∼ 370 ms after bounce, our results indicate that the correction value due to
the modified inelastic scattering process dominates over that of the modified neutrino absorption and emission
process.
Keywords: supernovae: general — hydrodynamics— neutrinos
1. INTRODUCTION
Massive stars heavier than ∼ 8 M⊙ terminate their lives
with a catastrophic collapse of their central core and sub-
sequent diverse phenomena. Some of them are accompa-
nied by a huge explosion called core-collapse supernova (see
Janka et al. 2016; Müller 2016; Radice et al. 2018, for recent
reviews). There are currently two major explosion mech-
anisms suggested. The first one relies on the complex in-
terplay between neutrinos and stellar mantle and is consid-
ered to account for CCSNe with a canonical explosion en-
ergy of ∼ 1051 ergs(≡ 1 Bethe, 1B in short). The other is
called magnetorotational (MR) explosion that takes place if
the progenitor star rotates sufficiently fast and is also mag-
netized (Bisnovatyi-Kogan 1970; LeBlanc & Wilson 1970;
Meier et al. 1976; Müller & Hillebrandt 1979).
The MR explosion is intrinsically an asymmetric phe-
nomenon. It is characterized by collimated bipo-
lar outflows (Ardeljan et al. 2000; Burrows et al. 2007;
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Takiwaki et al. 2009; Scheidegger et al. 2010; Winteler et al.
2012; Obergaulinger & Aloy 2020a; Bugli et al. 2020).
However the recent full three-dimensional (3D) mag-
netohydrodynamics (MHD) simulations report also less
collimated, slightly weaker outflows (Mösta et al. 2014;
Obergaulinger & Aloy 2020a; Kuroda et al. 2020). The bipo-
lar structure is originated from magnetic field amplification
taking place mainly along the rotational axis. Strongly am-
plified magnetic fields eventually eject matter toward the ro-
tational axis. Another aspect of the MR explosion is its
relatively high explosion energy compared to the aforemen-
tioned neutrino heating-driven explosion. Depending on the
available differential rotational energy of proto-neutron star
(PNS), the magnetic field can be very efficiently amplified
up to the equipartition level, i.e., roughly the same as the
differential rotational energy. Due to the efficient conver-
sion, typically one order of magnitude larger explosion can be
achieved in the previousMHD CCSN models (Burrows et al.
2007; Takiwaki et al. 2009; Obergaulinger & Aloy 2020a;
Kuroda et al. 2020).
Combination of these two aspects makes the MR explosion
as a plausible mechanism of a subclass of CCSNe called hy-
pernova (HN), which presents high explosion energy of∼ 10
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B (see, e.g., Nomoto et al. 2006, and references therein). Ob-
servationally, HNe are also often accompanied by a bipolar
structure (e.g., Ezzeddine et al. 2019) that further supports
the MR explosion as a mechanism of HNe. The asymmetric
property of MR explosion also attracts considerable attention
as a kick mechanism of compact object. All CCSNe leave be-
hind a compact object either a neutron star (NS) or a black hole
and these compact objects are occasionally observed with a
propermotion. While observational results of the BH kick ve-
locities are still ambiguous (see, e.g., Repetto et al. (2012) for
high-velocity cases or Mandel (2016) for counterarguments),
those of NSs show significant velocities of several hundred to
& 1000 km s−1 (Hobbs et al. 2005; Winkler & Petre 2007).
Such a significant proper motion is likely produced dur-
ing CCSNe via two possible mechanisms (see, e.g., Lai
2001, for a review). The first one is via asymmetric mat-
ter motion and the other is via asymmetric neutrino emis-
sion. Regarding the former mechanism, most of the re-
cent multi-D simulations of CCSNe indicate that the ex-
plosion takes place asymmetrically (for both 2D and 3D
models, see, e.g., Bruenn et al. 2016; Takiwaki et al. 2016;
Müller et al. 2017; O’Connor & Couch 2018; Pan et al. 2018;
Summa et al. 2018; Ott et al. 2018; Nagakura et al. 2019;
Vartanyan et al. 2019). This is also the case for MHD
simulations (Scheidegger et al. 2010; Winteler et al. 2012;
Mösta et al. 2014; Obergaulinger & Aloy 2020a; Bugli et al.
2020; Kuroda et al. 2020). In addition, there are observa-
tional supports for these asymmetric CCSN models (e.g.,
Katsuda et al. 2018). The asymmetric explosion in these nu-
merical simulations is often dominated by low-order spheri-
cal harmonics modes. Then the central NS is considered to
recoil from conservation of linear momentum and the esti-
mated kick velocity reaches a few 100 to ∼ 1000 km s−1
(Wongwathanarat et al. 2013; Janka 2017; Chan et al. 2018;
Müller et al. 2019; Nakamura et al. 2019).
Some progenitor stars, particularly low-mass stars, how-
ever, show nearly symmetric ejecta which are inadequate
to account for the observed kick velocity (Gessner & Janka
2018). In such cases, asymmetric neutrino emission can
be another possible origin of the kick velocity. Analogous
to the anisotropic matter ejection, neutrinos exchange mo-
mentum with matter and, if the net exchange does not van-
ish, the PNS is accelerated. While some previous stud-
ies report the acceleration due to the anisotropic neutrino
emission is minor and can explain the kick velocity of
only up to a few 100 km s−1 (Wongwathanarat et al. 2013;
Tamborra et al. 2014; Gessner & Janka 2018; Müller et al.
2018), Nagakura et al. (2019) report that its effect is mod-
erate due to self-sustained partial distribution of the electron
fraction (Ye).
The net momentum that the central compact object gains
depends on the degree of asymmetry of neutrino emis-
sion and also on its duration time. Regarding the for-
mer, the lepton-number emission self-sustained asymmetry
(Tamborra et al. 2014; O’Connor & Couch 2018; Glas et al.
2019; Vartanyan et al. 2019) is currently one of the relevant
mechanisms to induce the asymmetric neutrino emission. Ac-
cording to Tamborra et al. (2014), the LESA can explain the
kick velocity of 100-200 km s−1. The degree of asymmetry
of neutrino emission can still increase if we take into account
the magnetic field. In the presence of magnetic field, a global
asymmetry could appear as a consequence of parity viola-
tion effect in the neutrino-matter interactions, e.g., neutrino
scattering on slightly polarized free nucleons due to magnetic
field or Landau quantization of free electrons.
There have been several works studying the parity violation
effects of magnetic field on the neutrino-matter interactions
in CCSNe. Bisnovatyi-Kogan (1993) investigated the influ-
ence of magnetic field on β-process and derived kick velocity
between ∼ 100 and ∼ 3000 km s−1. Horowitz & Li (1998)
explored the effect of elastic scattering of neutrinos on slightly
polarized free neutrons due to magnetic field and estimated
the magnetic field strength B of ∼ 1014 G to account for the
kick velocity of ∼ 250 km. Later Arras & Lai (1999) (here-
after AL99) pointed out the importance of inelasticity in the
scattering process on free nucleons and also of correct treat-
ment of detailed balance of neutrinos in thermal equilibrium.
Taking these modifications into account, they formulated the
scattering cross section as well as the absorption one and
showed that a dipole magnetic field of & 1015−16 G is re-
quired to generate a kick velocity of a few hundred km s−1.
Kotake et al. (2005) was the first to implement the effect of
parity violation on β-process into the MHD simulation of
CCSN and showed the excess/reduction of heating rate of
∼ 0.5 %. Maruyama et al. (2011, 2012) calculated the neu-
trino absorption and cross sections in the context of relativistic
mean field theory and derived relatively high magnetic field
of∼ 1017G to explain the kick velocity of∼500-600km s−1.
In addition to the NS kick, the parity violation effect could
also contribute to the pulsar spin evolution (Maruyama et al.
2014; Suwa & Enoto 2014).
In this paper, we aim to implement the self-consistent par-
ity violation effects of magnetic field on the lepton number,
energy, and momentum exchanges to full relativistic two-
moment (M1) neutrino transport code. For that purpose, we
first rewrite the absorption and cross sections described in
AL99 in moment formalism. Then we apply those modified
source terms to full 3D-GR, MR core-collapse simulations of
a 20 M⊙ star with spectral neutrino transport. We calculate
three models: nonrotating nonmagnetized, rotating strongly
magnetized, and rotating ultra-strongly magnetized models.
We also update the neutrino opacities following Kotake et al.
(2018). Our results clearly show fingerprints of parity vio-
lation effect and exhibit a global asymmetry with respect to
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the equatorial plane, which is due to the initially dipole like
magnetic field employed. Although these asymmetric fea-
tures do not immediately affect the explosion dynamics, our
results imply that they would be significant in the diffusion
time scale of neutrinos. In addition, we also show the im-
portance of the modified inelastic scattering process, which
has been often omitted in previous literature, relative to the
modified neutrino absorption and emission process.
This paper is organized as follows. Section 2 starts with a
concise summary of our GRMHDneutrino transport scheme.
In Section 3, we shortly explain the scattering and absorp-
tion cross sections in the presence of magnetic field and also
rewrite them suitable for a moment formalism. We describe
the initial setup of the simulation together with the updated
neutrino opacities in Section 4. The main results and de-
tailed analysis of the effects of parity violation are presented
in Section 5. We summarize our results and conclude in Sec-
tion 6. In Appendix A, we prove that the modified scattering
term does not violate the lepton number conservation. Note
that the geometrized unit is used in Section 3 unless other-
wise stated, i.e., the speed of light, the gravitational constant,
and the Planck constant are set to unity, c = G = h = 1,
and cgs units are used in Section 5. The metric signature is
(−,+,+,+). Greek indices run from 0 to 3 and Latin indices
from 1 to 3, except ν and ε that denote neutrino species and
energy, respectively.
2. BASIC ν-GRMHD EQUATIONS
In our full GR radiation-MHD simulations, we solve the
evolution equations of metric, MHD, and energy-dependent
neutrino radiation. Each of metric and radiation-MHD parts
is solved in an operator-splitting manner, but the system
evolves self-consistently as a whole satisfying the Hamil-
tonian and momentum constraints. In this paper, we omit to
show the evolution equations for the metric and MHD parts,
which can be found in our former papers Kuroda et al. (2016,
2020). We only recapitulate our basic neutrino transport
equations below.
We solve the evolution equations for the zeroth Eε and
first order radiation moments Fαε measured by an Eule-
rian observer, with ε representing the neutrino energy mea-
sured in the comoving frame. The evolution equations read
(Shibata et al. 2011)
∂t
√
γEε+ ∂i
√
γ(αF iε − βiEε) +
√
γα∂ε
(
εM˜µε nµ
)
=
√
γ(αP ijε Kij − F iε∂iα− αSµε nµ) (1)
and
∂t
√
γFεi + ∂j
√
γ(αPε
j
i − βjFεi)−
√
γα∂ε
(
εM˜µε γiµ
)
=
√
γ[−Eε∂iα+ Fεj∂iβj + (α/2)P jkε ∂iγjk + αSµε γiµ]. (2)
Here, α, βi, γij , and Kij are the lapse function, shift
vector, three metric, and extrinsic curvature, respectively.
γ ≡ det(γij) is the determinant of the three metric, P ij
is the second order radiation moment measured in the Eule-
rian frame and is given by an analytic closure relation (see
Kuroda et al. (2016)), and Sµε is the source term for neutrino
matter interactions. According to Shibata et al. (2011), the
four source term Sµε in the moment formalism can be ex-
pressed as
Sµε = ε
3
∫
dΩB(ε,Ω)(uµ + lµ), (3)
whereB(ε,Ω) is the source term for the distribution function
of neutrinos f(ε,Ω) with Ω representing the angular depen-
dence. lµ is a unit normal four vector orthogonal to the four
velocity uµ and is also used to obtain the radiation moments
by angular integration of the distribution function as follow
(Jε, H
α
ε , L
αβ
ε ) = ε
3
∫
dΩ(1, lα, lαlβ)f(ε,Ω). (4)
Jε, Hαε , and L
αβ
ε are the zeroth, first, and second order ra-
diation moments measured in the comoving frame, respec-
tively. In the Doppler and red-shift term, M˜µε is defined by
M˜µε ≡ Mµαβε ∇βuα, where Mµαβε denotes the third rank
moment of neutrino distribution function (see Shibata et al.
2011, for more detailed expression). In the next section, we
explain how B(ε,Ω) is modified in the presence of magnetic
field and then rewrite it using Eq. (3) to obtain the modified
four source term which is used in the M1 neutrino transport
equations (1)-(2).
3. NEUTRINO SOURCE TERMS IN THE PRESENCE OF
MAGNETIC FIELD
We begin with a brief description of the modified neutrino
source term B(ε,Ω) in the presence of magnetic field. We
refer the reader to AL99 for more detailed background. In the
followings, we focus on the impacts of magnetic field on the
two dominant neutrinomatter interactions inside the PNS: the
neutrino-nucleon scattering and the absorption and emission
processes on free nucleons. We now explain each process one
by one.
3.1. Modified neutrino-nucleon scattering rate
The neutrino scattering rate on free nucleonsBsc(ε,Ω) can
be written as
Bsc(ε,Ω) =
∫
dε′dΩ′
dΓ
dε′dΩ′[
e−(ε−ε
′)/T
(
1− f(ε,Ω))f(ε′,Ω′)
−(1− f(ε′,Ω′))f(ε,Ω)]. (5)
Here T is the matter temperature and dΓ/(dε′dΩ′) is the
differential cross section. Variables with ′ denote those of
outgoing neutrinos.
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Modification of the scattering rate due to the magnetic
field appears in the differential cross section dΓ/(dε′dΩ′)
in terms of µBb. Here µB and b are the magnetic moment
and magnetic field strength, respectively. We use the value
b =
√
bαbα for the magnetic field strength with bα being the
comoving four magnetic field. The typical value of |µBb|
in CCSNe is . O(10−2) MeV, even when one considers a
strongly magnetized neutron star with b ∼ 1015 G (magnetar:
Duncan & Thompson 1992). Such a value is significantly
smaller than the matter temperature T & 10MeV and we can
safely neglect the second or higher order terms of µBb in the
expansion of dΓ/(dε′dΩ′). Then it reads (see AL99)
dΓ
dε′dΩ′
= A0(ε, ε
′, µ′)
+δA+(ε, ε
′, µ′, b)lαbˆα + δA−(ε, ε
′, µ′, b)l′αbˆα,
(6)
for electron type neutrino scattering νeN → νeN , and
dΓ
dε′dΩ′
= A0(ε, ε
′, µ′)
+δA−(ε, ε
′, µ′, b)lαbˆα + δA+(ε, ε
′, µ′, b)l′αbˆα,
(7)
for electron type anti-neutrino scattering ν¯eN → ν¯eN .
Here A0 and δA± are the zeroth and first order terms of
Taylor expansion of dΓ/(dε′dΩ′) about b. bˆα is a unit vector
parallel to bα. µ′ is the scattering angle between the incoming
and outgoing neutrinos. From Eqs. (6)-(7), one can rewrite
the scattering rate Bsc(ε,Ω) as a sum of normal scattering
rate Bb=0sc (ε,Ω), which is independent on the magnetic field,
and correction term Bb6=0sc (ε,Ω), which is proportional to b,
as
Bsc(ε,Ω) = B
b=0
sc (ε,Ω) +B
b6=0
sc (ε,Ω). (8)
For reference, the correction terms δA±(ε, ε′, µ′, b) are
expressed in cgs units as (AL99)
δA±(ε, ε
′, µ′, b) =
2ε′2G2Fh
N
V h
N
Am
2
Nµ
N
B b
πq
× 1
[exp(x0) + 1] [exp(−x0 − z) + 1]
(
1± h
N
A
hNV
2mNq0
q2
)
,
(9)
for scattering on N , where N takes either n(neutron) or
p(proton). In Eq. (9), GF is the Fermi constant with its
explicit value being G2F = G
2
F c/(~c)
4 = 1.55 × 10−33
[cm3 MeV−2 s−1]. hNV and h
N
A are the neutral nucleon
current form factors and we adopt the same values used in
Bruenn (1985); Kuroda et al. (2016). µNB = gNe~/(2mNc)
is the nucleon magnetic moment with gn = −1.913 and
gp = 2.793, q0 = ε − ε′, q =
√
ε2 + ε′2 − 2εε′µ′,
x0 =
(q0−q
2/2mN )
2
4Tq2/2mN
− µNT , and z = q0/T . Hereafter, we
omit the arguments (ε, ε′, µ′, b) in δA± for simplicity.
3.2. Moment formalism of the modified neutrino-nucleon
scattering rate
In the moment formalism, the scattering term reads
Sαε,sc = S
α,b=0
ε,sc + S
α,b6=0
ε,sc , (10)
where
Sα,b=0/b6=0ε,sc = ε
3
∫
dΩBb=0/b6=0sc (ε,Ω)(u
α + lα). (11)
For the scattering term without the contribution of mag-
netic field Sα,b=0ε,sc , we take into account only the isoenergetic
scattering. Here, we note that scattering on free nucleon is
not a perfect elastic system, especially when it is not in ther-
mal equilibrium. However, the inelastic correction term is
still minor in CCSNe (Wang & Burrows 2020) and, further-
more, to maintain the consistency with our previous studies,
we simply use the isoenergetic kernel this time. It is written
as
Sα,b=0ε,sc = ε
3
∫
dΩBb=0sc (ε,Ω)(u
α + lα)
=−χisoε Hαε , (12)
where χisoε is expressed in terms of the isoenergetic scattering
kernel (see Appendix 2 in Kuroda et al. 2016, for the explicit
expression).
Now we move on to how the source term Bb6=0sc (ε,Ω) can
be expressed in the moment formalism. We note that, in the
following, the modified source term Sα,b6=0ε,sc arising from the
magnetic field fully considers the inelasticity, which is omit-
ted in the term Sα,b=0ε,sc . This is because that the contribution
from inelasticity becomes sometime dominant in the final
source term Sα,b6=0ε,sc . This is particularly true for neutrinos
with energy ε . 4T (∼ 10− 80MeV for T ∼ 3 − 20 MeV)
(see the discussion around Eq. (4.31) in AL99), i.e., most of
neutrinos inside the PNS. Therefore the inelasticity is crucial
in the parity-violation term.
In the following, we consider the neutrino-nucleon scat-
tering. For the anti-neutrino-nucleon scattering, we simply
switch δA+ and δA− in the equations below. The first term
in the right hand side of Eq. (11), which is parallel to uα,
corresponds to the zeroth order moment of the source term.
Introducing the following same notations used in AL99 (see
their Eqs. 4.14-4.15)
C(ε, ε′) = e−q0/T (1− f eqε ) + f eqε (13)
and
D(ε, ε′) = −
(
e−q0/T f eqε′ + 1− f eqε′
)
, (14)
where f eqε = 1/(1+ exp((ε− µν)/T )) represents the Fermi
distribution function of neutrino with µν being the chemical
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potential, the zeroth order term becomes
ε3
∫
dΩBb6=0sc (ε,Ω)u
α =
[
Hβε a1,β(ε) + 4πε
3c0(ε)
]
uα.
(15)
Here, we define
a1,α(ε) =2πbˆα
∫
dε′ε′2D(ε, ε′)
∫
dµ′(δA+ + µ
′δA−)
(16)
and
c0(ε) =2πbˆα
∫
dε′ε′2C(ε, ε′)
Hαε′
4πε′3
∫
dµ′(µ′δA+ + δA−).
(17)
To derive Eq. (15), we approximate the neutrino distribution
function after scattering into isotropic and nonisotropic parts
as
f(ε′,Ω′) ≈ f0ε′ + f1,αε′ l′α, (18)
where f0ε′ and f
1,α
ε′ do not have angle dependency. They
are related to the zeroth and first order radiation moments in
comoving frame as
f0ε =
Jε
4πε3
(19)
f1,αε =
3Hαε
4πε3
. (20)
Similarly, the first order moment of the source term can
also be expressed in terms of the radiation moments as
ε3
∫
dΩBb6=0sc (ε,Ω)l
α =
[
L˜αβε a1,β(ε) +
4πε3
3
hαβc1,β(ε)
]
,
(21)
where
c1,α(ε) = 2πbˆα
∫
dε′ε′2C(ε, ε′)(Jε′ − Jeqε′ )/(4πε′3)
×
∫
dµ′(δA+ + µ
′δA−). (22)
In the equation,
L˜αβε = L
αβ
ε −
1
3
hαβJeqε , (23)
hαβ = gαβ + uαuβ, (24)
and
Jeqε = 4πε
3f eqε . (25)
Consequently, the summation of Eqs. (15) and (21) yields
the final expression of the source term Eq. (11) expressed as
Sα,b6=0ε,sc =
[
Hβε u
α + L˜αβε
]
a1,β(ε)
+ 4πε3uαc0(ε)
+
4πε3
3
hαβc1,β(ε). (26)
In the Appendix A, we prove that this source term does not
violate the lepton number conservation.
In our practical calculation, we prepare a table of the fol-
lowing values in advance
A0(ε, ε′, µN , T )=
∫
dµ′δA±(ε, ε
′, µ′, b)/(µNB b) (27)
A1(ε, ε′, µN , T )=
∫
dµ′µ′δA±(ε, ε
′, µ′, b)/(µNB b),(28)
for ε(ε′), which is the neutrino’s energy grid used, and for
typical values of chemical potential of free nucleons µN and
matter temperature T in CCSNe. In the above equations,
we factored out the magnetic field dependence µNB b from
the tabulated value, which can be incorporated later in the
simulation from the local value. During the simulation, we
interpolate the valuesA0,1 along µN and T directions at each
energy grid ε and ε′, multiply them by µNB b, and evaluate
Eqs. (16), (17), (22), and (26).
3.3. Modified charged current reactions with free nucleons
In this section, we briefly recapitulate how the magnetic
field alter the charged current processes (νen ⇋ e−p and
ν¯ep ⇋ e
+n) based on AL99. In the presence of magnetic
field, the energy of electron and positron is quantized, namely
Landau quantization. Due to this quantization, the Fermi-
Dirac distribution of final state electron and positron is also
affected. According toAL99, the absorptivity 1/λ ismodified
due to the external magnetic field as
λ−1 = λ−10 (1 + ǫmcl
αbˆα). (29)
Hereλ−10 is the absorptivity without the influence ofmagnetic
field. ǫmc is the correction factor due to magnetic field and
expressed as
ǫmc = ǫmc(e
−) + ǫmc(np), (30)
for the reaction νen→ e−p, and
ǫmc = ǫmc(e
+) + ǫ¯mc(np), (31)
for the reaction ν¯ep → e+n. The correction terms ǫmc(e−)
and ǫmc(e+) are originated from electrons and positrons at
ground-state Landau level. While, ǫmc(np) and ǫ¯mc(np) are
from polarized neutrons and protons.
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All these terms have a linear dependence on the magnetic
field strength b as follows (in cgs units):
ǫmc(e
−) =
1
2
~ceb
(ε+Q)2
g2V − g2A
g2V + 3g
2
A
, (32)
ǫmc(e
+) =
1
2
~ceb
(ε−Q)2
g2V − g2A
g2V + 3g
2
A
, (33)
ǫmc(np)=
2gA(gA + gV )
g2V + 3g
2
A
µnBb
T
− T
ε+Q
[
1 +
ε+Q
T
fe−(ε+Q)
]
×
[
2gA(gA + gV )
g2V + 3g
2
A
µnBb
T
+
2gA(gA − gV )
g2V + 3g
2
A
µpBb
T
]
,
(34)
and
ǫ¯mc(np)=−2gA(gA − gV )
g2V + 3g
2
A
µpBb
T
+
T
ε−Q
[
1 +
ε−Q
T
fe+(ε−Q)
]
×
[
2gA(gA − gV )
g2V + 3g
2
A
µpBb
T
+
2gA(gA + gV )
g2V + 3g
2
A
µnBb
T
]
.
(35)
In the above equations,gV = 1 and gA = 1.23 are the nucleon
charged current form factors (Bruenn 1985), fx(ε) = [1 +
exp((ε− µx )/T)]−1 represents the Fermi-Dirac distribution
function of fermion x with energy ε and chemical potential
µx , and Q = mn − mp = 1.2935 MeV is the rest mass
difference of the neutron and proton.
From the modified absorptivity 1/λ, the emissivity j can
be obtained by
j = λ−1 exp((µν − ε)/T ), (36)
withµνe = −µν¯e = µe−µp+µn being the chemical potential
of neutrinos in thermal equilibrium with matter. Then the
collision rate for neutrino absorption and emission processes
(nae) becomes as
Bnae(ε,Ω) = κ [f(ε,Ω)− f eqε ] , (37)
with κ = j + λ−1 being the stimulated absorption opacity.
3.4. Moment formalism of the charged current reaction
including magnetic field correction
Now, analogously to Sec. 3.2, we evaluate the charged cur-
rent source term in moment formalism including the correc-
tion term due to the magnetic field. After performing the
angular integral
∫
dΩ of the collision rate
Sαε,nae = ε
3
∫
dΩBnae(ε,Ω)(u
α + lα) (38)
for neutrino absorption and emission processes, it results
again in a summation of normal absorption term Sα,b=0ε,nae and
correction term Sα,b6=0ε,nae as
Sαε,nae = S
α,b=0
ε,nae + S
α,b6=0
ε,nae . (39)
Here
Sα,b=0ε,nae =κ [(J
eq − J)uα −Hα] (40)
Sα,b6=0ε,nae =κ
[
−ǫmc(Hβuα + L˜αβ)bˆβ
]
. (41)
4. INITIAL MODELS AND NEUTRINO OPACITIES
Utilizing our ν-GRMHD code including the parity vio-
lation source term described above, we perform full 3D
CCSN simulations of a magnetized rotating star. Numeri-
cal setup is essentially the same as that of our previous paper
Kuroda et al. (2020) other than the neutrino opacity. We
study the frequently used solar-metallicity model of the 20
M⊙ star “s20a28n” from Woosley & Heger (2007). For the
nuclear EOS, we use SFHo of Steiner et al. (2013). The 3D
computational domain is a cubic box with 3× 104 km width
in which nested boxes with 10 refinement levels are embed-
ded. Each box contains 643 cells1 and the minimum grid size
near the origin is ∆x = 458m. The neutrino energy space
ε logarithmically covers from 1 to 300 MeV with 12 energy
bins.
We shortly mention the updated neutrino opacities.
In Kuroda et al. (2020), we adopted the standard weak
interaction set in Bruenn (1985) plus nucleon-nucleon
Bremsstrahlung (Hannestad & Raffelt 1998). In this study,
however, we use up-to-date neutrino opacities based on
Kotake et al. (2018) in addition to the correction terms aris-
ing from the external magnetic field described in the pre-
vious section. One of differences is that we replace the
electron capture rate on heavy nuclei by the most elaborate
one following Juodagalvis et al. (2010). Furthermore, we
also take into account following corrections: inelastic con-
tributions and weak magnetism corrections (Horowitz 2002),
the density-dependent effective nucleon mass (Reddy et al.
1999), the quenching of the axial-vector coupling constant
(Carter & Prakash 2002; Fischer 2016), many-bodyand virial
corrections (Horowitz et al. 2017), and strangeness contribu-
tion to the axial-vector coupling constant (Horowitz 2002).
We therefore employ all opacities listed in Table 1 in
Kotake et al. (2018) with excluding set3 and set4. The source
term can now be summarized as
Sαε =S
α,b=0
ε + S
α,b6=0
ε , (42)
1 In Kuroda et al. (2020), there is a typo in the number of grids. It should be
64
3 cells that cover each level of nested structure, i.e., the same resolution
as in this study.
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with
Sα,b=0ε =S
α,b=0
ε,nae + S
α,b=0
ε,sc + S
α
ε,nes + S
α
ε,tp + S
α
ε,brem
(43)
Sα,b6=0ε =S
α,b6=0
ε,nae + S
α,b6=0
ε,sc . (44)
Here, the subindices “nes”, “tp”, and “brem” stand for
the neutrino-electron inelastic scattering, thermal neutrino
pair production and annihilation, and nucleon-nucleon
bremsstrahlung, respectively. We note that this paper does
not focus on measuring the impact of these up-to-date neu-
trino opacities currently used, i.e., Eq. (43), which will be
reported elsewhere (see Kotake et al. 2018, for a detailed 1D
comparison).
The original progenitor model “s20a28n” assumes neither
rotation nor magnetic field during its evolution phase. We
thus artificially add them to the nonrotating progenitor model
as follows:
utuφ = ̟
2
0(Ω0 − Ω), (45)
for the rotational profile, and
Aφ=
B0
2
R30
r3 +R30
r sin θ, (46)
Ar=Aθ = 0, (47)
for the magnetic field in the form of vector potential. Here
uφ ≡
√
u2x + u
2
y and̟0 andΩ0 indicate the size and angular
frequency of a rigidly rotating central cylinder, respectively.
B0 and R0 represent the magnetic field strength at center
and the size of central sphere with uniform magnetic field,
respectively. (r, θ, φ) denote the usual coordinates in the
spherical polar coordinate system. By defining the vector
potential on the numerical cell edge and taking their curl
B = ∇ × A, the magnetic field defined on the numerical
cell surface automatically satisfies the solenoidal constraint.
These rotational and magnetic field profiles are identical to
those used in our former paper Kuroda et al. (2020).
We set ̟0 = R0 = 108 cm corresponding roughly to
the iron core size at the precollapse stage. We calculate
three models with changing (Ω0[rad s
−1], B0[G]) as (0, 0),
(1, 1012), and (1, 1013), hereafter labeled as R0B00, R1B12,
and R1B13, respectively. The angular frequency Ω0 = 1
rad s−1 is very reasonable compared to the one of a ro-
tating 20 M⊙ model in Heger & Langer (2000) that gives
Ω0 ∼ 3 rad s−1. Regarding the magnetic field strength
inside the iron core at pre-collapse stage, there is cur-
rently no constraint from observational and stellar evolu-
tion calculation sides. The value B0 = 1012 G in model
R1B12 is widely used in most of previous MRE simulations
(Burrows et al. 2007; Takiwaki et al. 2009; Scheidegger et al.
2010; Mösta et al. 2014; Obergaulinger & Aloy 2020a;
Bugli et al. 2020; Kuroda et al. 2020) and can be a reference
case. On the other hand, B0 = 1013 G is enormously strong
and might be unrealistic. We, however, calculate such an
ultra-strongly magnetized model to measure the impact of
magnetic field on the neutrino-matter interactions more eas-
ily, since the source terms Eq. (26) and (41) have a linear
dependence on the magnetic field strength b.
5. RESULTS
In this section, we present the results of our simulations.
We begin by a detailed explanation of explosion dynamics
of our fiducial model R1B12 and then compare three models
including neutrino profiles. Then we discuss our main results
on the actual impact of magnetic field on the neutrino matter
interaction and its possible effects on the dynamics.
5.1. Explosion dynamics and neutrino signals
We explain first the dynamical evolution of our fiducial
model R1B12. Its evolution is essentially the same as our
previous study employing the same initial condition (model
R1B12 in Kuroda et al. 2020) and the bipolar outflow is
launched soon after bounce. Figure 1 shows the volume-
rendered 3D entropy structure for model R1B12 at two differ-
ent time slices tpb = 183ms (top-left panel) and 367ms (top-
right), where tpb represents the postbounce time, and 2D con-
tours of entropy (bottom-left) and plasma β(≡ Pmag/Pgas),
which is the ratio of magnetic to gas pressure, in logarithmic
scale (bottom-right) at the final simulation time. The white
vertical line in the top panels indicates the length scale and
is also parallel to the rotational axis (z-axis). There are three
minipanels in the bottom two panels. Each minipanel shows
a 2D slice on y = 0 (minipanel a), x = 0 (b), and z = 0 (c)
planes. From the figure, we see a clear bipolar shock structure
which continuously expands without a stall. The size of the
shock surface increases from ∼ 1000 km to & 4000 km for
the time interval of ∼ 180 ms. Model R1B12 is thus con-
sidered to be entering the shock runaway phase directly after
bounce.
Its explosionmorphology exhibits a clear bipolar-like struc-
ture with a slight asymmetry with respect to the equatorial
plane. From bottom minipanels (a,b), the expansion toward
the positive z-axis is more energetic than the negative direc-
tion. The bipolar structure consists of the high entropy ejecta
and the entropy increaseswith time. The forefront of the bipo-
lar jet shows the highest entropy of s ∼ 15 kB baryon−1 at
tpb ∼ 183ms, while the vicinity of the base of jets shows the
highest value exceeding s ∼ 20 kB baryon−1 at tpb ∼ 367ms
(yellowish region in the top-right panel). Furthermore, the
jet barycenter shows a clear displacement from the rotational
axis, like a helical structure seen in the top-left panel, indi-
cating the appearance of the kink instability (e.g., Begelman
1998). This is consistent with the previous full 3D MHD
CCSN simulations (Mösta et al. 2014; Kuroda et al. 2020).
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Figure 1. Top: the volume-rendered entropy for model R1B12 at two different time slices tpb = 183 ms (left panel) and 367 ms (right). The
white vertical line indicates the length scale and is also parallel to the rotational axis (z-axis). Note that the entropy range differs in each panel.
Bottom: we depict 2D contours of entropy (left) and plasma β (right) in logarithmic scale at the final simulation time of tpb = 316 ms. There
are three minipanels in the bottom panels. Each minipanel shows a 2D slice on y = 0 plane (minipanel a), x = 0 (b), and z = 0 (c).
From the bottom-right panel, we see that the magnetic pres-
sure dominates over the gas pressure inside the outflow (red
region), indicating that the MR-driven explosion occurs in
this model.
On the equatorial plane, a clear m = 1 nonaxisymmetric
structure becomes prominent (see the minipanels c). Along
the equatorial plane, both a continuous mass accretion, with
low entropy s . 5 kB baryon−1, and ejection, with relatively
high s ∼ 10 kB baryon−1, simultaneously take place. Fur-
thermore, from minipanel (c) in the bottom-right panel, we
find the gas pressure being the dominant in most of the re-
gions, i.e., the magnetic field do not play the leading role for
the shock expansion. We thus argue that the shock expansion
is significantly aided by rotation in the equatorial region (seee
Nakamura et al. (2014); Takiwaki et al. (2016); Summa et al.
(2018) for the rotation-supported 3D CCSN models and also
Kuroda et al. (2020) with magnetic field).
In Fig. 2, we show the same figure as Fig. 1, but for model
R1B13 at tpb = 185 ms and at the final simulation time
tpb = 316ms. The remarkable difference frommodelR1B12
is the absence of a clear bipolar structure. For instance from
2D contours in the bottom panels, the outermost shock surface
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Figure 2. Same as Figure 1, but for model R1B13.
locating atR ∼ 4000 km ismore roundish and the axis ratio is
closer to unity than that of model R1B12. Inside the shocked
region, the high entropy region with s ∼ 15 kB baryon−1
appears, although the value is relatively lower compared to
model R1B12 throughout the computation. In addition, the
entropy structure shows small scale and fragmented structure
that is completely different from a global scale high entropy
bipolar structure seen in model R1B12.
Another remarkable feature is that the high entropy blobs
(e.g., yellowish region in the top two panels) are randomly
oriented and basically not in alignment with the rotational
axis in contrast to model R1B12. We consider that the reason
of this random orientation is due to an absence of continuous
magnetic field amplification, particularly the winding ampli-
fication along the rotational axis. As we will explain later,
this model shows a less mass accretion rate and the wind-
ing mechanism, which requires high mass accretion rate with
angular momentum, does not operate. Due to lack of the
strong toroidal magnetic field along the rotational axis, the
matter is not preferentially ejected along the rotational axis.
In addition, there might be another possible reason for the
misalignment, which is the tilt of rotational axis. Although
it is not the scope of this work to investigate in detail if the
rotational axis tilts in model R1B13, from a very recent full
3D MHD models in Obergaulinger & Aloy (2020b), the ro-
tational axis, as wel as the orientation of the outflow, can tilt
due to asymmetric matter accretion onto the PNS. We found
that the mass accretion in model R1B13 takes place not only
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along the equatorial plane but also in all directions. It sig-
nificantly differs from that of model R1B12, which shows
a continuous accretion channel mainly along the equatorial
plane. Although Obergaulinger & Aloy (2020b) reported the
tilt of rotational axis in their weakest magnetized model, the
absence of continuous mass accretion along the equatorial
plane is a common feature seen in our model R1B13 and
theirs.
Figure 3. Top: time evolution of maximum (thick lines) and av-
eraged shock radii (thin) for all models. To show more clearly the
lines of model R0B00, we multiply them by ten. Bottom: we plot
the diagnostic explosion energy. Since Eexp of model R0B00 is
essentially zero, we omit to plot it.
Figure 3 presents time evolution of the shock radiusRshock
in the top panel and of the diagnostic explosion energy Eexp
in the bottom, where we use the same definition for Eexp as
Kuroda et al. (2020). In the top panel, we plot the maximum
(thick line) and averaged shock radii (thin) for all models
including model R0B00. We multiply the lines of Rshock for
model R0B00 (black lines) by ten to show them more clearly.
Wefind that themodelR0B00,which assumes neither rotation
nor magnetic field at initial, does not exhibit the shock revival
during our simulation time of∼ 500ms after bounce. This is
consistent with our previous study Kuroda et al. (2020) and
we thus argue that the up-to-date neutrino opacities do not
drastically change the explosion dynamics. Therefore, in the
bottom panel, we omit the line for model R0B00 because its
explosion energy is essentially zero.
The time evolution of shock radii presents a rapidly ex-
panding shock surface in model R1B13 immediately after
bounce (red lines). The maximum shock radius reaches
R = 1000 km at tpb ∼ 70 ms. During the same period,
Eexp increases drastically at initial, reaches its maximum
∼ 6 × 1050 ergs at tpb ∼ 20 ms, and declines afterward.
Contribution of each energy to the total diagnostic explosion
energy at tpb = 20 ms is as follows: the magnetic energy
∼ 1051 ergs, the internal energy ∼ 4 × 1050 ergs, the radial
kinetic energy ∼ 2 × 1050 ergs, and the rotational kinetic
energy∼ 2×1050 ergs. The prompt explosion is thus mainly
supported by the magnetic field. The decline seen in Eexp
after tpb ∼ 20 ms is mostly due to decrease of the mag-
netic energy in the unbound region. While in model R1B12
(blue lines), the shock front shows a mild expansion at initial
(tpb . 120 ms) and subsequently becomes faster than that
of model R1B13. Its averaged shock radius (thin blue line)
exceeds that ofmodel R1B13 at tpb ∼ 310ms. The explosion
energy Eexp in model R1B12 increases at tpb ∼ 100 ms and
then plateaus around the value of ∼ 1050 ergs. The shock
and explosion energy evolution in models R1B12 and R0B00
are quantitatively in good agreement with our previous re-
port (Kuroda et al. 2020), which employed the same initial
condition except the neutrino opacity set.
Figure 4. We plot the mass inflow (M˙ < 0) and outflow rate
(M˙ > 0) (solid lines) and total accretion rate (dash-dotted)measured
at R = 100 km for models R1B13 (red) and R1B12 (blue).
We next explain the different explosion dynamics seen in
the two magnetized models, particularly focusing on the rea-
sonwhy the initially lessmagnetizedmodel R1B12 eventually
shows more energetic explosion. Figure 4 exhibits the mass
inflow (M˙ < 0) and outflow rate (M˙ > 0) by the solid lines
and the total mass accretion rate by the dash-dotted line. The
color represents model either R1B13 (red) or R1B12 (blue).
The rate is measured at R = 100 km so that we can encom-
pass the base of MHD outflow locating at R ∼ a few 10 km.
In model R1B12 (blue lines), the absolute values of both the
mass inflow and outflow rates are significantly larger than
those of model R1B13 (red). Especially after tpb & 40 ms,
the mass inflow rate in model R1B12 is showing a larger
value of ∼ 1 M˙⊙ s−1 from the one in R1B13. At the same
time, the large amount of mass ejection also takes place in
model R1B12 resulting in a moderate difference between the
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total mass accretion rates of two models (dash-dotted lines).
The smaller mass inflow rate in model R1B13 is a conse-
quence of the stronger explosion taking place immediately
after bounce. As we have already explained, enormously
strong shock wave, which is mainly supported by the mag-
netic pressure, is launched shortly after bounce. The shock
propagates outward in all directions and suppresses the sub-
sequent mass accretion onto the central engine of the MHD
outflow. Lower accretion produces less liberation gravita-
tional potential energy and thus the strong bipolar flow is
not continuously supported. This is the reason of the weaker
shock wave eventually seen in model R1B13.
On the other hand, the shock propagates significantly slower
in model R1B12 at initial postbounce phase, that allows the
development of nonaxisymmetric matter motion, e.g., one-
armed spiral pattern. Indeed, the ratio of rotational to grav-
itational potential energy reaches a few % in model R1B12,
while it is significantly smaller∼ 0.5% in R1B13. The spiral
pattern then produces a flow channel through which notice-
able amount of mass accretion takes place as we showed in
the bottom panels of Fig. 1.
5.2. North-south asymmetry of neutrino matter interaction
In this section, we discuss the modified neutrino-matter in-
teractions in the presence of magnetic field and their actual
impact on the dynamics. We beginwith a brief explanation of
overall picture of neutrino signals. The nonexplosion model
R0B00 shows basically the highest luminosity and mean en-
ergy in all flavors of neutrinos, while the rotating magne-
tized models R1B12 and R1B13, which explode shortly after
bounce, show rather lower values. Roughly speaking, such
a feature is consistent with our previous study (Kuroda et al.
2020) and also with those in recent studies with detailed neu-
trino transport (Müller et al. 2017; O’Connor & Couch 2018;
Summa et al. 2018; Vartanyan et al. 2019).
To see more precisely how the modified neutrino-matter
interactions lead to asymmetric properties, particularly with
respect to the equatorial plane, we depict several quantities in
Fig. 5. Here, we introduce several quantities as follows: the
change rate of electron fraction Γe(≡ ∂Ye/∂t) independent
from
(
Γb=0e
)
and dependent on
(
Γb6=0e
)
the magnetic field
Γb=0/b6=0e =
α
√
γ
nb
∫
dε
ε
Sµ,b=0/b6=0ε uµ, (48)
where nb is the number density of baryons, the energy de-
position rate Qb6=0nae originated from the modified neutrino
absorption and emission process
Qb6=0nae =α
√
γ
∫
dεSµ,b6=0ε,nae nµ, (49)
the energy deposition rateQb6=0sc originated from the modified
inelastic neutrino-nucleon scattering process
Qb6=0sc =α
√
γ
∫
dεSµ,b6=0ε,sc nµ, (50)
the energy deposition rate Qtot originated from the normal
neutrino matter interactions (see Eq. 43)
Qtot=α
√
γ
∫
dεSµ,b=0ε nµ, (51)
the torque τφ that the fluid element gains due to the modified
source term Sα,b6=0ε
τφ=−α√γ̟
∫
dεSµ,b6=0ε γyµ, (52)
where̟ =
√
x2 + y2 is the distance from the rotational axis,
and the z-component of the force acting on the fluid element
fz due to the modified source term Sα,b6=0ε
fz=−α√γ
∫
dεSµ,b6=0ε γzµ. (53)
Wealso introduce following ratios to assess the relative impact
of themodified neutrinomatter interactions to the normal ones
as
γe=
Γb6=0e
|Γb=0e |
(54)
qnae/sc=
Qb6=0nae/sc
|Qtot| . (55)
We note that we take an absolute value of the denominator
for the later convenience. Using these quantities, we show
in Fig. 5: (minipanel a) the z-component of magnetic field
Bz , (b) the φ-component of magnetic field Bφ, (c) Γb6=0e , (d)
log γe, (e) log qnae, (f) log qsc, (g) log τφ, and (h) log fz . All
panels are showing the contours on y = 0 plane for model
R1B12 at tpb = 65ms. We also plot the mean gain radius by
a red circle in panels (c)-(h) for a reference.
In panel (a), we see that Bz is positive inside the PNS with
its value being∼ 1015 G in both hemispheres. This is mostly
due to compression of initial uniform or dipole-like magnetic
field aligningwith the z-axis inside̟ . 1000 km. Bφ shows
a clear asymmetrywith respect to the equatorial plane and the
northern (z > 0) and southern (z < 0) hemisphere possess
negative and positive Bφ, respectively. Within the PNS, the
toroidal magnetic field strength reaches∼ 1015 G. Reflecting
the nonisotropic magnetic field, the change rate of electron
fraction Γb6=0e also shows a clear north-south asymmetry in
panel (c). Here we note that Γb6=0e is affected only by the mod-
ified neutrino absorption and emission process (Eq. 41), since
the (modified) scattering process Eq. (26) does not change the
electron number at all as proved in the AppendixA. The panel
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Figure 5. We show: (a) the z-component of magnetic fieldBz in units of 10
15 G, (b) the φ-component of magnetic fieldBφ in units of 10
15 G,
(c) Γb6=0e in units of s
−1, (d) log γe, (e) log qnae, (f) log qsc, (g) the torque per volume that the fluid element gains τφ dyn cm
−2 in logarithmic
scale, and (h) the force acting on the fluid element per volume fz dyn cm−3 in logarithmic scale. Concerning the values in panels (d)-(h), where
the values are shown in logarithmic scale, we do not take their absolute values and the negative values are simply cutoff at the minimum value
indicated by dark blue. The figure is for model R1B12 at tpb = 65 ms on y = 0 plane.
(c) shows that the northern hemisphere delptonizes more.
This can be understood from Eq. (41). Using the orthogonal-
ity condition L˜αβuα = 0, Γb6=0e is expressed as
Γb6=0e =α
√
γ
∫
dε
ε
Sµ,b6=0ε uµ
=α
√
γ
∫
dε
ε
κǫmcH
β bˆβ. (56)
ǫmc (Eq. 30) is usually negative due to g2V−g2A < 0 and also in
the degenerate limit of electrons fe− ∼ 1. Therefore, the sign
of Γb6=0e is determined by the angle between the direction of
flux of neutrinosHβ and that of magnetic field bˆβ . SinceHβ
of νe is usually orienting radially outward inside the PNS,
i.e., Hi ∼ (Hr, 0, 0), the toroidal magnetic field Bφ does
not contribute to Γb6=0e as they are mutually orthogonal. The
remaining magnetic field component Bz is pointing positive
z direction from panel (a). As a consequence, the northern
hemisphere, whereHβ bˆβ > 0,Γb6=0e becomes negative, while
the southern hemisphere analogously shows positive Γb6=0e .
Panel (d) indicates how large is the contribution of Γb6=0e to
the total deleptonization rate |Γb=0e |. Here, we note that the
most of the northern hemisphere displays dark blue region
simply because we cutoff the negative value to emphasize the
north-south asymmetry. However, it actually has a similar
value as in the southern hemisphere, but with a different sign.
We also mention that the deleptonization rate Γb=0e , which
is free from the influence of magnetic field, shows a nearly
perfect symmetry with respect to the equatorial plane. From
panel (d), the value γe in the southern hemisphere reaches
several %, which is also the same for the northern hemi-
sphere. The parity violating effect due to the magnetic field
thus can potentially produces a significant partial distribu-
tion of Ye in the PNS, that will also be discussed later. As
Γb6=0e in panel (c) shows ∼ ±0.01 s−1 along the rotational
axis, if the parity violation effect lasts ∼ 100 ms, the cumu-
lative change reaches δYe ∼ ±10−3. In previous studies,
Tamborra et al. (2014) reported the existence of the lepton
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number emission self-sustained asymmetry (LESA) (see also,
e.g., O’Connor & Couch (2018); Powell & Müller (2019);
Vartanyan et al. (2019)), which is originated from a partial
distribution of Ye in the PNS convection zone (r ∼ 25 km).
In their subsequent paper (Glas et al. 2019), they explained
the origin of the partial distribution of Ye, dominated mainly
by the l = 1 mode, by the PNS convection. Aside from the
PNS convection, our study shows for the first time that the
neutrinomatter interactions in the presence of strong external
magnetic field can be another possible mechanism to produce
a partial distribution of Ye.
Next we evaluate the impact of heating and cooling rates
contributed from the modified charged and neutral current
reactions in panels (e) and (f), respectively. Comparing
the panels (d) and (e), they show the similar pattern as ex-
pected, i.e., Qb6=0nae has basically the same sign as Γ
b6=0
e . The
panel (e) indicates the larger heating and cooling rate in the
southern and northern hemisphere, respectively. Employing
essentially the same initial magnetic field but with various
strengths, Kotake et al. (2005) also reported the excess of neu-
trino heating in the southern hemisphere. Our result is thus
qualitatively consistent with theirs. In addition, Kotake et al.
(2005) shows a relative contribution ofQb6=0nae to the total heat-
ing/cooling rate Qtot of the order of ∼0.1 %, which is also
in good agreement with ours. The excess/reduction of the
energy exchange rate above the gain radius is several 0.1 %
from panel (e).
Regarding Qb6=0sc (or qsc), Q
b6=0
sc again shows a clear asym-
metric feature in panel (f). Inside the central region with
r . 30 km, the northern and southern hemisphere shows the
excess of neutrino heating and cooling, respectively. Mean-
while, the sign inverts around r ∼ 40 km. The reason of the
asymmetry and sign inversion can be understood as follows.
From Eq. (26) and also using the fact that a1,α is propor-
tional to bα (see Eq. 16), we find that Sα,b6=0ε,sc is consisted of
two parts. One is proportional to Hβbβ and the other is to
|L˜| ∼ J − Jeq, namely the deviation of neutrino distribution
function from the thermal equilibrium, as
Sα,b6=0sc ∝ Hβbβuα +
J − Jeq
3
bα. (57)
Here we use the relation hαβbβ = bα. The source term for
the zeroth radiation momentQb6=0sc is then rewritten by taking
the norm with nα as
Qb6=0sc ∼
∫
dεSα,b6=0sc nα
∝
∫
dε
(
−WHβbβ − J − J
eq
3
Biui
)
. (58)
Inside the deep PNS core, the radiation field and matter ve-
locity exhibit nearly the isotropic structure, i.e., l = 0 with l
denoting the degree of spherical harmonics, while the mag-
netic field shows a uniform (dipole like) field for our initial
condition, i.e., l = 1. As a consequence, both the first and
second terms, which are depend on the angle between the
magnetic field andHβ and ui, respectively, basically change
their signs between the northern and southern hemispheres.
This is the reason of the asymmetric structure with respect to
the equatorial plane. The sign inversion seen at r ∼ 40 km
depends simply on which term of the integrand becomes the
dominant term and cannot be inferred a priori. It is also
noteworthy that Qb6=0sc has a comparable or even a slightly
larger value than Qb6=0nae . This fact indicates the importance
of the modified neutrino-nucleon scattering term due to the
magnetic field that is often omitted in the previous studies
on the parity violation effects in CCSNe (Kotake et al. 2005;
Suwa & Enoto 2014; Dobrynina & Ognev 2020).
We also discuss the parity violation effects on the angular
and linear momentum transfer. In panel (g), we show the
torque that the PNS gains. It is obvious that the PNS core
r . 30 km is subjected to torsional stress and the northern
and southern hemisphere spins down and up, respectively. A
possibility of such torsional effect has been already discussed
in Maruyama et al. (2014), in which a region where the direc-
tion of rotation is the same with that of magnetic field shows
a spin deceleration. Our result thus supports their discussion.
However, since they considered only the effect of absorption
process influenced by the magnetic field, our result with both
the scattering and absorption processes considered shows a
more complicated spin deceleration or acceleration profile.
Finally from panel (h), we find that the linear momentum
transfer occurs mostly in the PNS core. At there, fz shows a
positive value in both hemispheres without asymmetry with
respect to the equatorial plane. It indicates that thewhole PNS
core can be kicked toward north at this time. The symmetric
structure seen in fz can be understood like below. Here we
mention that the main contribution to the momentum transfer
comes from the scattering term Sα,b6=0ε,sc and we thus focus on
this term. Using Eq. (57), fz can be expressed as
fz∼−
∫
dεSα,b6=0sc γzα
∝−
∫
dε
(
Hzbzuz +
J − Jeq
3
bz
)
, (59)
where we take only the z component for α when we move
from the first line to the second. This is because the domi-
nant magnetic field component is Bz ∼ bz(> 0) around the
rotational axis in the PNS core. Bearing in mind that the ra-
diation field and matter are roughly isotropic inside the PNS
core,Hzuz and J−Jeq basically show the same sign in both
hemispheres. Therefore, fz is proportional to bz and it results
in a bulk acceleration of PNS core. Analogously, the angu-
lar momentum exchange has a dependence on the direction
of toroidal magnetic field. Consequently, the anti-parallel
toroidal magnetic field between northern and southern hemi-
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spheres seen in our magnetized models lead to the spin-down
and -up, respectively. We mention that the sign of fz can
change with time, as we will show later, probably depending
on the neutrino profilesHµ as well as on uµ in Eq. (59).
In Fig. 6, we depict the same values as in Fig. 5, but for
model R1B13 to see the effects of one-order of magnitude
stronger initial magnetic field. From panels (a) and (b), the
magnetic field are not showing a similar structure as those
in model R1B12. For instance, Bz seems to be consisted of
higher order l modes. As already discussed in Sec. 5.1 and
also shown in Fig. 2, the less mass inflow along the equa-
torial plane might hinders the collimation effect of outflow
at where it is launched. Consequently, the magnetic field at
the base of outflow may not be aligned with the rotational
axis compared to that in R1B12. Aside from such difference
seen in the magnetic field structure, the effects of modified
neutrino matter interactions are qualitatively the same as in
R1B12. Reflecting the globalmagnetic field, whose direction
is roughly tilted with the angle of∼ −45◦ from the rotational
axis on y=0 plane (see panel a), the region with z & x shows,
e.g., the excess of deleptonization and cooling rate, which
is analogous to what we see in the northern hemisphere of
model R1B12. The relative contribution of modified neutrino
matter interactions to the total ones is approximately several
to ∼ 10 % from panels (d)-(f), which is approximately one
order of magnitude larger than that in model R1B12.
In the end of this section, we discuss time evolution of the
modified source terms and their cumulative impact on the
PNS core. In Fig. 7, we show the deleptonization rate (left
panel), energy deposition rate (middle), and acceleration of
PNS (right). To plot the left panel, we again introduce several
quantities as follows: the total deleptonization rate due to the
modified interactions
N˙e=
∫
dx3nbΓ
b6=0
e (60)
and its cumulative value
δNe=
∫ t
−∞
dtN˙e, (61)
number of electrons
Ne=
∫
dx3ρ∗Ye, (62)
and the ratio Re, which measures the degree of partial distri-
bution of electrons inside the PNS,
Re=
δNe
Ne
. (63)
The volume integral is performed for each hemisphere z > 0
(northern hemisphere, red lines) and z < 0 (southern hemi-
sphere, blue) and also for the region with ρ ≥ 1012 g cm−3.
In the middle panel, the energy gain or loss in each hemi-
sphere is evaluated by the volume integral of Qb6=0nae/sc. In the
right panel, we evaluate the z component of PNS acceleration
az by
az =
1
MPNS
∫
dx3fz, (64)
whereMPNS =
∫
dx3ρ∗ is the PNSmass in each hemisphere.
In both the middle and right panels, the solid and dashed lines
indicate the contribution from modified neutrino absorption
and emission (nae) and scattering (sc) processes, respectively.
From the left panel in Fig. 7, the volume integrated delep-
tonization rate in each hemisphere exhibits a clear asymmetry
throughout the simulation time. N˙e in the northern hemi-
sphere reaches N˙e ∼ −1054 s−1 (red solid line) indicating
more deleptonization at there. Its cumulative value reaches
Re ∼ −0.2% of the total electron number inside the PNS at
the final time of simulation. Meanwhile, in the southern hemi-
sphere, those values have the opposite sign, but with almost
the same absolute values as those in the northern hemisphere.
Therefore, the parity violation effect can potentially produce
a north-south asymmetry in Ye of the order of a few ‰ in
this model. Regarding the energy deposition rate in the mid-
dle panel, significant energy transfer occurs mainly during
the first hundred milliseconds after bounce. However, from
panels (e) and (f) in Fig. 5, the energy transfer due to these
terms takes place mostly within the gain radius denoted by
the red circle. We thus argue that the modified terms do not
have a noticeable impact on the neutrino heating explosion
mechanism.
The apparent PNS acceleration az , that is simply evalu-
ated from the source term of momentum exchange, shows a
significant value of ∼ 5 × 108 cm s−2 and lasts ∼ 100 ms
after bounce. We note that the momentum exchange through
the normal neutrino matter interaction processes without in-
fluence of magnetic field, i.e., via the term Sα,b=0ε (Eq. 43),
shows a nearly, not perfect, asymmetric property with respect
to the equatorial plane. For instance at tpb = 50ms, az evalu-
ated fromSα,b=0ε reaches∼ +7.1(−7.3)×1010 cm s−2 in the
northern(southern) hemisphere, resulting in a non-vanishing
net acceleration of ∼ −2 × 109 cm s−2. We note that our
nonrotating nonmagnetized model R0B00 shows the net ac-
celeration of ∼ 107 cm s−2, which is essentially zero. We
thus consider that the non-vanishing acceleration contributed
solely from Sα,b=0ε originates from the asymmetric hydro-
dynamic background with respect to the equatorial plane.
Anyway, we argue that the symmetric property seen in az
evaluated from Sα,b6=0ε (right panel in Fig. 7) has a compa-
rable influence as that from Sα,b=0ε . We also mention that
we do not observe a meaningful PNS core kick during the
simulation time. This is due to that the relevant neutrinos
are still trapped and do not carry away the momentum during
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Figure 6. Same as Fig. 5, but for model R1B13 at tpb = 65 ms.
Figure 7. We show the deleptonization rate (left panel), energy deposition rate (middle), and acceleration of PNS az (right) in each hemisphere.
See text for their definitions. In the middle and right panels, the line style corresponds to the neutrino matter interaction, either modified “nae”
(solid) or “sc” (dashed) process.
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the simulation time. It marginally shows a slight oscillation
after tpb ∼ 100 ms with the displacement of several hundred
meters, possibly indicating the appearance of SASI. Another
remarkable thing is that the modified scattering term is again
the main contribution by comparing the dotted (sc) and solid
(nae) lines in the middle and right panels.
In Fig. 8, we plot the same figure as Fig. 7, but for model
R1B13 which employs one order of magnitude larger initial
magnetic field. We see a qualitatively similar trend as that of
R1B12. During the first ∼ 100 ms after bounce, most of the
lepton, energy, and momentum exchanges occur. However,
compared to the values in model R1B12, all values plotted
in Fig. 8 show roughly one order of magnitude larger val-
ues. This is simply because that the modified source terms
employed (Eqs. 26 and 41) have a linear dependence on the
magnetic field bµ.
6. SUMMARY AND DISCUSSION
In this study, we have presented a formalization of the
correction term of neutrino matter interaction rates in the
presence of external magnetic field. The formalism is based
on Arras & Lai (1999) and we took into account the mod-
ified interaction rates of two major processes in the SN
core: neutrino-nucleon scattering and neutrino absorption
and emission processes. We extracted the zeroth and first
order angular dependencies of the interaction rates and de-
rived the source term suitable for the M1 neutrino transport
in full relativity. The final expression of the source terms is
described in terms of the normal radiationmoments. Because
the magnetic potential energy of free electrons and nucleons,
~ceb and µBb, respectively, are significantly smaller than the
matter temperature in typical MHD CCSN models, we can
safely truncate the second or higher order terms in the mag-
netic field strength, leading to the source terms having a linear
dependence on it. We also proved that the modified scattering
term does not violate the lepton number conservation, which
is crucial to accurately follow the PNS deleptonization.
Utilizing state-of-the-art general relativistic M1 neutrino
transport code with the gravitational red and Doppler shift
terms being fully considered, we have conducted MHD
CCSN simulations of a 20 M⊙ star (Woosley & Heger
2007). We calculated three models, nonrotating nonmag-
netized (R0B00), rotating magnetized (R1B12), and rotating
strongly magnetized (R1B13) models to explore the effects
of progenitor’s rotation and magnetic field both on the dy-
namics and the modified neutrino matter interactions. For
the nuclear EOS, we used SFHo of Steiner et al. (2013).
Other than the correction terms in neutrino matter interac-
tions due to the magnetic field, one of major differences
from our previous study (Kuroda et al. 2020) is that we used
up-to-date neutrino opacities based on Kotake et al. (2018).
We adopted the most elaborate electron capture rate on
heavy nuclei following Juodagalvis et al. (2010). Further-
more, we also took into account followings: inelastic con-
tributions and weak magnetism corrections (Horowitz 2002),
the density-dependent effective nucleon mass (Reddy et al.
1999), the quenching of the axial-vector coupling constant
(Carter & Prakash 2002; Fischer 2016), many-bodyand virial
corrections (Horowitz et al. 2017), and strangeness contribu-
tion to the axial-vector coupling constant (Horowitz 2002).
Investigating the impact of these up-to-date neutrino opaci-
ties will be reported elsewhere.
Concerning the dynamics, while no shock revival was
observed in model R0B00 during our simulation time of
∼ 500 ms after bounce, the shock expansion initiated shortly
after bounce in two magnetizedmodels. We found essentially
the same dynamical features between models R0B00/R1B12
in this study and their corresponding models in Kuroda et al.
(2020). The only difference is that the bipolar explosion
appeared in model R1B12 in this study did not diminish,
although it showed a slight asymmetry with respect to the
equatorial plane. In model R1B13, we observed the most
rapid shock expansion and largest increment of the explo-
sion energy among the three models. However the expansion
speed of model R1B12 eventually seemed to be faster than
that of model R1B13 at the final simulation time. The ex-
plosion energy in model R1B12 reached the value of ∼ 1050
ergs, which is consistent with our previous study. The reason
why the initially less magnetized model R1B12 eventually
exhibited more energetic shock expansion is originated from
the larger mass accretion rate. In model R1B12, we wit-
nessed significantly larger mass inflow and outflow rates than
those in model R1B13. Compared to the case in R1B13,
the prompt shock propagated significantly slower in model
R1B12 that allowed nonaxisymmetric matter motion, e.g.,
one-armed spiral pattern, to fully develop. The spiral pattern
could then produce a flow channel through which noticeable
amount of mass accretion took place, leading to more libera-
tion of gravitational energy.
One of the aims of this study is to self-consistently assess
the actual impact ofmodified neutrinomatter interaction rates
on the lepton, energy, andmomentum exchanges. In addition,
we focused on the global asymmetry that could be induced by
the initial dipole-like magnetic field employed in this study.
From our results, we found a clear asymmetric feature in both
the deleptonization and energy deposition rates with respect
to the equatorial plane. As for the asymmetric deleptoniza-
tion rate, the northern(southern) hemisphere loosed electrons
more(less). The energy deposition rate through the modified
neutrino absorption and emission process showed basically
the same asymmetric feature with that of the deleptoniza-
tion rate. These features can be understood by the depen-
dence of corresponding source term on the inner product of
the diffusion flux of neutrinos and the magnetic field. The
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Figure 8. Same as Fig. 7, but for model R1B13.
sign of the inner product changes between the northern and
southern hemispheres if the magnetic field is dominated by
a dipole (or more precisely odd l-modes) structure. The cu-
mulative impact of asymmetric deleptonization rate asymp-
totically reaches ∼ 0.1 − 1 %. Our result also indicates the
importance of the modified inelastic scattering process, at
least in the explosion phase, that has been often omitted in
previous literature (Kotake et al. 2005; Suwa & Enoto 2014;
Dobrynina & Ognev 2020). The energy deposition rate from
the modified scattering term showed roughly a one order of
magnitude larger value than that of absorption process.
On the contrary to the lepton and energy exchanges, the
linear momentum exchange showed a symmetric property,
e.g., the z component of the PNS acceleration showed the
same sign and value in both hemispheres. Roughly speak-
ing, such feature stems from that the source term projected
on to the Eulerian frame is parallel to the magnetic field.
Initially dipolar-like magnetic field leads to a magnetic field
configuration in the proto-magneter composed of a nearly
uniform z component and anti-parallel toroidal field in both
hemispheres. Therefore, both hemispheres gain the acceler-
ation in the same z direction, while there is a torsional effect
between the two hemispheres.
In terms of scattering and absorption cross sections, we can
summarize our results as follows: the scattering cross sections
for neutrinos are enhanced(reduced) if neutrinos propagate in
parallel(antiparallel) with magnetic field, which is consistent
with the positive acceleration of PNS core. On the contrary,
the absorption cross sections are reduced(enhanced) if neu-
trinos propagate in parallel(antiparallel) with magnetic field,
which is in line with, for instance, the smaller deleptoniza-
tion rate, i.e., neutrinos are less captured, displayed in the
northern hemisphere (see panel (c) in Fig. 5). These trends
of enhancement or reduction are consistent with the study of
Maruyama et al. (2011, 2012).
We stress that most of the energy, leptons, and linear and
angular momentums that are transferred through the modified
source terms are not immediately taken away fromdeep inside
the PNS core. We actually investigated if there is a noticeable
north-south asymmetry in Ye or neutrino’s energy and num-
ber fluxes on the PNS surface, though we could not find them
with significance. Therefore we conclude that the modified
source terms do not play important roles in the dynamical
time scale and contribute neither the explosion dynamics nor
the natal (tpb . 1 s) PNS kick. This basically agrees with
previous studies Kotake et al. (2005); Dobrynina & Ognev
(2020). However, once those trapped neutrinos diffuse out
the PNS core on a time scale of & O(1) s, namely in the
Kelvin-Helmholtz cooling phase, they can potentially pro-
duce a ∼ 0.1− 1 % asymmetry in the PNS structure. Along
with the neutrino diffusion, the partial distribution of Ye may
gradually appear leading to more pronounced asymmetric
neutrino emission. In addition, the modified scattering and
absorption processes themselves contribute to globally asym-
metric neutrino emission. The final outcome of the asymmet-
ric neutrino signal depends on these two effects that definitely
interact each other. Therefore, the assessment of the degree
of final outcome is highly complex and cannot be simply ex-
trapolated from our results. It can be explored only through
the long time MHD simulation. Our numerical simulations,
however, provide us, for the first time, realistic values of the
impact of magnetic field on the neutrino matter interactions
in MRE scenario, albeit in the early post bounce phase and
for a small number of models.
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APPENDIX
A. LEPTON NUMBER CONSERVATION
It is informative to show that the correction term Sα,b6=0sc (ε) does not violate the lepton number conservation, i.e., the number
of neutrinos does not change through the scattering process. This is equivalent to satisfy the following condition (see Eq. (15) in
Kuroda et al. (2016)): ∫
dε
ε
Sα,b6=0ε,sc uα = 0 (A1)
for every flavor of neutrino. As we mentioned, the source term Eq. (11) consists of the zeroth and first order angular moments.
Regarding the number integral of the first order moment of the source term, i.e., inserting Eq. (21) in Eq. (A1), it is zero by
definition due to the orthogonality conditions Lαβuα = 0 and hαβuα = 0. We mention that the scattering source term with no
contribution from magnetic field Eq. (12) analogously conserves the lepton number because of the conditionHαuα = 0.
Concerning the remaining zeroth order term Eq. (15), its number integral also becomes zero. To show that, we first rewrite
Eq. (15). After some manipulation, it becomes
ε3uα
∫
dΩBb6=0sc (ε,Ω) =
2πuα
[∫
dµ′
∫
dε′
(
δA+DH
β
ε −
(
ε
ε′
)
δA′+D
′Hβε′
)
+
∫
dµ′µ′
∫
dε′
(
−δA′+C′Hβε +
(
ε
ε′
)
δA+CH
β
ε′
)]
bˆβ . (A2)
Here, we omit the argument (ε, ε′) in C and D for simplicity. In addition, C′, D′, and δA′+ with
′ denote the value with the
incoming neutrino energy ε and that of outgoing one ε′ are switched, e.g., δA′+ ≡ δA+(ε′, ε, µ′, b). For δA+, this manipulation
obviously does not alter the scattered angle µ′ and magnetic field strength b. Furthermore, we also use the following relations:
q0
′=−q0 (A3)
D′=−eq0/TC (A4)
ε′2δA′+C
′=−ε2δA−D (A5)
ε′2δA′+D
′=−ε2δA−C. (A6)
Consequently, the number integral of Eq. (A2) results in∫
dε
ε
uα
(
ε3uα
∫
dΩBb6=0sc (ε,Ω)
)
= −2πbˆβ
×
[∫
dµ′
∫
dεdε′
(
1
ε
δA+DH
β
ε −
1
ε′
δA′+D
′Hβε′
)
+
∫
dµ′µ′
∫
dεdε′
(
−1
ε
δA′+C
′Hβε +
1
ε′
δA+CH
β
ε′
)]
= 0. (A7)
Therefore the condition Eq. (A1) is indeed satisfied for νe and analogously for ν¯e, as we only have to replace δA+ and δA
′
+ in
Eq. (A7) by δA− and δA
′
−, respectively, for ν¯e.
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